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1. Introduction 

In the study of integrable hierarchies, it is interesting to find their symmetries 
and identify the algebraic structure of the symmetries. Among these symme¬ 
tries, the additional symmetry is an important type which contains dynamic 
variables explicitly and these additional flows do not commutes with each other. 
Additional symmetries of the Kadomtsev-Petviashvili(KP) hierarchy were in¬ 
troduced by Orlov and Shulman [Tj which contain one important symmetry, i.e. 
the so-called Virasoro symmetry. These symmetries form a centerless JF 1+00 al¬ 
gebra closely related to matrix models by means of the Virasoro constraint and 
string equations[2], 310, 5]. Two sub-hierarchies as the BKP hierarchy and CKP 
hierarchy [SI 0 EHS HD, FT] have been shown to possess additional symmetries, 
with consideration of the reductions on the Lax operators. 

Various generalizations and supersymmetric extensions ra of the KP hierar¬ 
chy have deep implications in mathematical physics, particularly in the theory 
of Lie algebras. In [T3J [0] , the theory of the super Lie algebras was surveyed by 
considering super Boson-Fermion Correspondences. One important supersym¬ 
metric extension is the supersymmetric Manin-Radul Kadomtsev-Petviashvili 
(MR-SKP) hierarchy[15j which contains a lot of integrable super solitary equa¬ 
tions equipped with the super-pseudodifferential operators. Apart from the 
Manin-Radul one, Mulase supersymmetrize the KP hierarchy by constructing a 
hierarchy called the Jacobian SKP hierarchy which does not possess a standard 
Lax formulation || 16] - This hierarchy has strict Jacobian flows, i.e. it preserves 
the super Riemman surface about which one can also see im. The additional 
symmetries for super hierarchies were firstly found in the paper [LS] by con¬ 
structing the standard Orlov-Schulman additional nonisospectral flows. Later 
the additional symmetry of the MR-SKP hierarchy was studied by Stanciu ra 
The ghost symmetries, hamiltonian structures and extensions of the MR-SKP 
hierarchy were studied as well as reductions of the MR-SKP hierarchy(20, 121] . 
Later the supersymmetric BKP (SBKP) hierarchy was constructed in [22]. Af¬ 
ter that this series of super hierarchies were seldom studied in mathematical 
physics partly because of their extreme complexities. 

For the symmetry of the two-component BKP hierarchy, there is a series of 
works such as Ea m, m, Eg. In the paper [26], we construct the generalized 
additional symmetries of the two-component BKP hierarchy and identify its 
algebraic structure. Besides, the D type Drinfeld-Sokolov hierarchy was found 
to be a good differential model to derive a complete Block type infinite di¬ 
mensional Lie algebra. About the Block algebra related to integrable systems, 
we did a series of works in [2TJ-[2Hj. In this paper, we will construct the ad¬ 
ditional symmetries of the supersymmetric BKP hierarchy. These additional 
flows constitute a B type SWi+oo Lie algebra. Further we generalize the SBKP 
hierarchy to a supersymmetric two-component BKP hierarchy (S2BKP) hierar¬ 
chy and derive its algebraic structure. As a reduction of the S2BKP hierarchy, 
in this paper a new supersymmetric Drinfeld-Sokolov hierarchy of type D will 
be constructed and proved to have a super Block type additional symmetry. 

In (1+1) dimensional sypersymmetric integrable systems, starting from 1980s, 
there is also a series of work about superversions of Korteweg-de Vries(KdV), 
Toda-KdV equations and so on[30]-[33j. Most of them are related to the confor¬ 
mal field theory and string theory [3T1 l32j. The generalized KdV equations and 
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Toda lattice equations are particularly interesting integrable nonlinear systems 
in connection with conformal field theories. Their Virasoro symmetry can be 
extended to a W n algebra which is known to arise from the Hamiltonian struc¬ 
ture of the generalized KdV equation [31] by incorporating conserved currents 
of higher spins. The supersymmetric version of the Drinfeld-Sokolov reduction 
of the Toda-KdV theories gives the generators of the related super W-algebra 
with the commutation relations provided by the associated Hamiltonian struc¬ 
ture [35]. In this paper we will extend the Lie algebraic method of Drinfeld 
and Sokolov [34] to the sypersymmetric case and develop a Lie superalgebraic 
method for a supersymmetric D type Drinfeld-Sokolov hierarchy. We further 
derive that the supersymmetric Drinfeld-Sokolov hierarchy of type D possesses 
a, N = 2 supersymmetric Block type Lie algebraic structure. 

This paper is arranged as follows. In the next section we recall some nec¬ 
essary facts of the SBKP hierarchy. In Sections 3, we will give the additional 
symmetries for the SBKP hierarchy. The ghost symmetry of the SBKP hier¬ 
archy will be devoted to Section 4 and 5 using the techniques in [20]. Further 
in Section 6 and 7, we generalize the SBKP hierarchy to a S2BKP hierarchy 
and derive its B type SWi +QO 0 SWi +oc algebra. As a Bosonic reduction of the 
supersymmetric two-component BKP hierarchy, we define a new constrained 
system called the supersymmetric Drinfeld-Sokolov hierarchy of type D which 
possesses a N = 2 supersymmetric Block type Lie algebra in the following two 
sections. Finally, we will give a short conclusion and a further discussion. 

2. The supersymmetric BKP hierarchy 

Let us firstly recall some basic facts[22] on the supersymmetric BKP system 
which is well defined by two Lax operators. 

A is assumed as an algebra of smooth functions of a spatial coordinate x, a 
grassmann variable 6 and their super-derivation denoted as D = dg + 6d. This 
algebra A has the following multiplying rule 


i =0 



D-d <£[*] ^ 


( 2 . 1 ) 



0 i < 0 or (n, i) — (0, 1) (mod 2); 

([ill]) 1 > 0. In. i) / i'll. Ij (mod 2). 


( 2 . 2 ) 


Here the value |$| means the super degree of the operator $ which shows the 
operator $ is Fermionic or Bosonic. The supersymmetric derivative D satisfies 
the supersymmetric analog of the Leibniz rule 

D{ab) = D(a)b + (-1 ) |a| aD(6), (2.3) 


where a is a homogeneous element of A. We introduce the even and odd time 
variables (i 2 , £3, ig, £ 7 , •) and the following definition of even and odd flows 


Du~ 2 


d 


dtu -2 ’ 


Du -1 


d Q 

dtu -1 + “ /j, ' ~ dtu+tj-2' 


(2.4) 
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We recall that the supercommutator is defined as [X, Y] = XY — (—I YX. 
The bracket has a property as [X,YZ\ = [X,Y}Z + (-1)I A 'ITI Y[X,Z\. Then 
D 2 = t}[D,D\ = 8. This family of infinite odd and even flows satisfy a non- 
abclian Lie superalgebra whose commutation relations are 

= 0 , [-D4i-2j ^4j-l] — 0 , , D 4 j_\] = —2 J D 4 j + 4j_2 , 


[D 4 ;-2,£>] = 0, [D 4i _ 1 , J D] = 0. (2.5) 

For any operator A = J2 ieZ fiD l £ A and homogeneous operators P,Q, its 
nonnegative projection, negative projection, adjoint operator are respectively 
defined as 

A + = J2f‘ D ‘’ A. = J2f,D‘, A" = £(-£>)< ■ /„ (2.6) 

i>0 i<0 ieZ 

(PQ)* = (-l)\ p UQ\Q*P*, ( P - 1 )* = (-l)l p l(P*)- 1 . (2.7) 

Also for the operator D k , the adjoint operator is defined as 

(D k )* = (-1 ) m f 21 D k . (2.8) 


Basing on definitions in [22], the Lax operator of the supersymmetric BKP 
hierarchy has a form as 


L = D i-'^UiD 1 \ u 2 = ~u [ i- 

i> 1 


(2.9) 


The supersymmetric BKP hierarchy is defined by the following Lax equations 



D ik - 2 L = [(L 4fc-2 ) + , L], D ik _iL = [(L 4fc-1 ) + , L\ - 2L 4fc , 

k > 1. 
(2.10) 

One 

can rewrite the operator L in a dressing form as 



L = 

(2.11) 

where 


$ = 1 + ^diD \ 

i> 1 

(2.12) 

satisfy 


4>* = DQ-'D- 1 . 

(2.13) 


We call the eq. (12.131) the B type condition of the supersymmetric BKP hi¬ 
erarchy. Given L, the dressing operator $ is determined uniquely up to a 
multiplication to the right by operators with constant coefficients. The dress¬ 
ing operator <f> takes values in a B type Volterra group. The supersymmetric 
BKP hierarchy (12.10(1 can also be redefined as 


5$ 

<9t 4 fc-2 


— (L 4fc - 2 )_<f>, 


< 9 $ 

dt^k -1 


— (L 4fc_1 )_$, 


(2.14) 


with k > 1. 

With the above preparation, it is time to construct additional symmetries for 
the supersymmetric BKP hierarchy in the next section. 
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3. Additional symmetries of the supersymmetric BKP hierarchy 

In this section, we are to construct additional symmetries for the supersym¬ 
metric BKP hierarchy by using the Orlov-Schulman operators whose coefficients 
depend explicitly on the time variables of the hierarchy. The Orlov-Schulman 
operators M* and auxiliary operator Q are constructed in the following dressing 
structure 

M, = i = 0,1; Q = $Q$-\ 

where 

r o = x + i Ak - 2)t 4 fc_ 2 -D 4A:-4 + 1(4 k - l)t 4fc _iD 4fc - 3 

k>i 

-1 51 Uk-id 2k ~ 2 Q + 51 (* - j)Ui-iUj-id 2l+2j ~ 2 , (3.1) 

fc>l ij> 1 

r v = e+ Y J t Ak-id 2k ~\ (3.2) 

k> 1 

where Q = dg — Qd. 

Then one can get the following lemma. 

Lemma 3.1. The operators Tj,Q satisfy 

[Dm- 2 - Tj] = [Dm-i ~ = 0; j = 0,1, (3.3) 

[Dm -2 - Q\ = [Dm-! - D 4i ~\Q} = 0, (3.4) 


[Q,r 0 ] = -r l5 [Q,Ti] = i, [a,r 0 ] = 1. 

Proof. For the proof, one can do the following direct calculation 

p 4 i -2 - D"-”-, r„] = 1(4 i- 2 )D 1 '- 1 - \D u -\ x] 

= (2i- 1)S 2 '- 2 — \d 2i -\x\ = 0, 


(3.5) 

(3.6) 

(3.7) 


p4i-i-0“- 1 ,r o ] 

OO 


d 


dtii-l 


2> 

j =i 


d 


4j —1 


D 4i -\r 0 


dt 


4i+4j—2 


= l(4i - 1 )D 4k ~ 3 - l -d 2i ~ 2 Q + 2 ^(z - ./)/., ,P 2 '- 2 -' 

j> i 


-2 


51(2* + 2j - l)t 4 j_ 1 H 4 * +4 - 7-4 - [D 4 *- 1 , X - 1 51(4fc - 1)^-!^ 

i=i 


(3.8) 

(3.9) 


4fc—3l 


fc>l 


Because 

[D 4i ~ 4 , x} = [< d 2i ~ 4 D , x] = (2* - i)T> 4i - 3 + = i(4z - i)D 4fc - 3 - ia 2i - 2 Q, 
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[D 4 * -1 , i Ak - l)t 4k .iD 4k ~ 3 ] = - 

j> i 


fc>i 


then 


For Tx, we have 


- ^- 1 ,r 0 ] = o. 


[D 4i _ 2 - d 4i ~\ r 4 ] = o, 


O OO n 

p 4 i-i - D 4 - 1 , r,] = [--_ D *‘-\ B + Y 

fc>l 


^4i-l — 


= <9 2i_1 - D 4 * -2 = 0. 
For Q, the following identities hold 


[D 4i _ 2 -D 4i ~ 2 ,Q] = 0, 


r\ OO r\ 

P4.-1 - D*-\Q] = [---B 4i -\Q] 


^4i-l — ^42+4^—2 


dt d 


[Q, Fo] = [Q,x] - [Q,-^t 4fc -i<9 2fc - 2 Q], 

k> i 

= -0-^t 4fc -ia 2fc - 1 = -r 1 , 

fc>i 

[Q,F 1 ] = [Q,0] = 1. 

Then it is easy to get the following lemma by dressing structures. 
Lemma 3.2. The operators M 3 . Q, L satisfy 

[Q, M 0 ] = —Mi, [Q, Mi\ = 1, [L 2 , M 0 ] = 1, 

D h Mj = [(L k ) + , Mj], D k Q = [( L k ) + , Q], k = U- 2, At - l, 


Proof. The dressing structure 

4[D 1 .-i-£> li - 1 ,r 1 ]'i>- 1 = 0 ; 


(3.10) 

(3.11) 

(3.12) 
.id 2 *- 1 ] 

(3.13) 

(3.14) 

0. (3.15) 

(3.16) 

(3.17) 

□ 

(3.18) 

i e Z + . 

(3.19) 

(3.20) 


will lead to 


- $ J D 4i - 1 $- 1 , Mi] = 0; 


(3.21) 






SUPERSYMMETRIC BKP SYSTEMS AND THEIR SYMMETRIES 


7 


and further to 

OO 

[Du-i — 3*41-1 1 + ^4j— 13 * 4i+4j —2 3 * 1 — L 41 1 . Mf\ = 0. ( 3 . 22 ) 

3 = 0 


Then we get 

[Da -1 - ( J D 4i -i3>)3>” 1 - L 4i ~ l ,Mi] = 0; (3.23) 

and using eq. (l2.14p we can derive 

[D 4l - 1 -(L 4i ~ 1 ) + ,M 1 } = 0. (3.24) 

The other identities can be proved using the similar dressing techniques. □ 


From now on, we will introduce the following operator B mk i p defined as 

B mk i P = M 0 fc M{Q p L 2m - (-l) p ' +m+p+z L 2m - 1 (Q p )M{M 0 fc L, (3.25) 

where k,m > 0 ]l,p = 0,1. This operator is the generator of the additional 
symmetry of the SBKP hierarchy which shows the difference between generators 
of the SKP and SBKP hierarchies. For the SKP case in [15], in the construction 
of B m ki p , it contains only one term. 

Then the following proposition can be got. 


Proposition 3.3. The operator B mn i p satisfies the following flow equations 

D^k-lBmnlp = ~[{L ik fi-,B mn i p ], D4k-lB mn i p = —[(L lk 1 )-,B mn i p \. 

(3.26) 


Proof. The lemma can be proved by dressing the following identities by 

[D 4k - 2 - D 4k ~\ T n 0 T\Q p d m ] = [D 4k -1 - D 4k ~\ T^r\Q p d m ] = 0. (3.27) 

□ 


To prove that B mn i p satisfies the B type condition, we need the following 
lemma. 

Lemma 3.4. The operators Mi satisfy the following conjugate identities, 

M* = (-1 fiDL-'MiLD- 1 , Q* = -DL~ l QLD~ l . (3.28) 

Proof Using 

<r = r* = (— l)Tj, Q* = -Q, (3.29) 

the following calculations 

M* = $*-'r*T* = (-l) i D$D- 1 r i D<S>- 1 D - 1 = (-l) i D$D- 1 $- 1 M i $D$- 1 D- 1 , 

will lead to this lemma. The anti adjoint property of Q can be proved in a 
similar way. □ 

ft is easy to check the following proposition holds basing on the Lemma 13.41 
above. 

Proposition 3.5. The operator B mk i p satisfies a B type condition, namely 
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Proof Using the Proposition 13.41 the following calculation will lead to this 
proposition 

B *mklp = (M 0 fc M{Q P L 2m - (_l)^+m+p+Z L 2m- 1 Qp M | M fc L )* 

= (—l) pl L 2m * (Q p )* M[* Mq* + (-1 )™+P+ l L*M5*M l l *(Q p )*L 2m - 1 * 

= (—l) pl+m+p+l DL 2 ™- 1 ^M[Mq LD ^ 1 - DMfiMlQPL^D- 1 
= -D{M^M[q p L 2m - (-l) pl+m+p+l L 2rn - 1 <^ , M l 1 M^L)D~ 1 . 

□ 

Basing on above proposition, it is reasonable to define additional flows of the 
supersymmetric BKP hierarchy as 

DmklpL [ ( B mklp ) — j D [: k, TYl P 0, l, P 0,1. (3.31) 

Proposition 3.6. The flows (13.31 j) commute with the flows of the supersym¬ 
metric BKP hierarchy. Namely, one has 

[Dmnip, D k ] = 0, m,n > 0; l,p = 0,1, k = 4i - 2,4i — 1, i G Z + , 

(3.32) 

which holds in the sense of acting on <3>. 

Proof The proposition can be checked case by case with the help of eq. (I3.26|l . 
For example, 


[-Dmnip i D k [ $ 

= D mnlp D k $ - (-l) {l+p)k D k D mnlp <I> 

= (-1 )( l + p ) k [(L k )_, (B mnZp )_]$ + [(B mn ip)_, L fc ]_$ + (-1 f+ p ) k [(L k ) + , Bmnlp] 


□ 

This proposition tells us that the additional flows of the supersymmetric BKP 
hierarchy are in fact its symmetries whose algebraic structure can be shown in 
the following proposition. 

Proposition 3.7. The algebra of additional symmetries of the SBKP hierarchy 


given by eq. (13.31(1 is isomorphic to the Lie algebra SW\ +00 . 

Proof. The isomorphism is given by 

z ^d, £ Q + T l d, (3.34) 

d z ^ r 0 , ^ 4 Tj, (3.35) 

which further lead to 

z ^L 2 , £ ha Q + MiL 2 , (3.36) 

d z ha Mo, 9^ A Mj. (3.37) 

One can find the above construction keeps £ commuting with z. □ 
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4. Ghost symmetry of supersymmetric BKP hierarchy 

In this section, we will give another special symmetry which does not contain 
time variables explicitly. Before that, we firstly need to define the super-Baker- 
Akhiezer function (super-BA) and adjoint super-BA function as 


$ba = $* BA = 4>*- 1 e-«, 

where 

oo oo 

f (A, rj, 9,t) = A 4 fc “ 2 f 4fc _2 + T]0 + (77 - A 0) ^ A 4fe_2 f 4 fe-i, h = x. 

k =1 k =1 

The following property can be found 

D Ai _ 2 et = <9 2i “V, D 4i _ 4 e« = 

Then we can prove that 


(4.1) 

(4.2) 


(4.3) 


L 2 $ ba = \$ BA , l 2 *$* ba = -\<r BA , (4.4) 

Dk- 2 $ba = (L 4l ~ 2 ) + $ BA , D 4i _ 2 & ba = -(L 4i ~ 2 )* + ^ BA , (4.5) 

D 4i -^ BA = (L 4i - 1 ) + $ BA , D 4i _^* BA = -(L 4j - 4 );$^. (4.6) 

The B type condition implies that the adjoint super-BA function T BA can be 
in fact the supersymmetric derivative of its corresponding super-BA function 
$ba, he. 

= (4.7) 

Then we can also define super-eigenfunctions of the supersymmetric BKP hier¬ 
archy as 


D 4 i- 2 (p — 

(L M ~ 2 ) + cP, 

D 4i - 2 ip = 

-(L 4l -%iP, 

(4.8) 

D 4 i-\0 = 


D^-xip = 

-( L 4i - 4 )^- 

(4.9) 


The super-eigenfunctions have the following spectral representation in term 
of integrals of Baker-Akhiezer functions as 

(p(t, 0) — I d\drj(p(\,r))$ BA (t, 0; A, 77 ), ip(t,9) = j d\dr)ip(\, rj)$* BA (t, 9; A, rj). 

The B type condition also implies that the adjoint eigenfunction pj can be 
chosen as the supersymmetric derivative of its corresponding eigenfunction (p, 

i.e. 

ip = (p^. (4-10) 

The supersymmetric tau function of the supersymmetric BKP hierarchy can 
be defined by the residue (the coefficient before D ~ 4 ) of supersymmetric Lax 
operators as 

D 4k _ 2 DhiT = resL 4fc " 2 , D 4k _ 4 D In r = resL 4fc_1 . (4.11) 

Define two eigenfunctions (pi,(p 2 and the following operator 
B, = ^ D -‘4 11 - (-l)lfcl0 2 D-yf], |*| = |0 2 


(4.12) 
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which is used to generate the ghost flows. According to 

D“V = (-l) 1 ^ 1 ^" 1 - D“V [1] D _1 ], (4.13) 

one can find the operator B g satisfies the B type condition, i.e. 

B* = -DB g D-\ (4.14) 

Then the ghost flow of the supersymmetric BKP hierarchy can be defined as 
following 

D Z L = [B g , L] = [01 - (— ly^irVfU], (4.15) 

where functions 0i,0 2 are the eigenfunction and adjoint eigenfunction of the 
supersymmetric BKP hierarchy. The following proposition will tell you the 
above flow is a symmetry of the supersymmetric BKP hierarchy. 

Proposition 4.1. The additional flow D z commutes with the supersymmetric 
BKP flows D n , i.e., 

[D z ,D n \L — 0, n — 4i — 2,4z — 1, i 6 Z + . (4.16) 

Proof. Note that the derivatives 0^,0^ are i n fact adjoint supersymmetric 
eigenfunctions. The commutativity between ghost flows and supersymmetric 
BKP flows is in fact equivalent to the following Zero-Curvature equation which 
includes the following detailed proof 

D z B n — D n [Bg) + [B n , Bg] 

= [B g ,L n ] + - 0n n zr 1 0' 11 - + (—i)i1 [4>2t n -D- 1 0i 1] + 0 2 zrVgj 

+ [S n ,0 1 T»- 1 0' 1] - (-l)l*l0 2 D- 1 0f ] ] 

= (5 n 0 1 D- 1 0' 1] )_ - (0 1 D- 1 0' 1] S n )_ - P o (5„0i) J D' 1 0? 1 + 0iP- 1 P o (P,;0| ! 11 ) 

-(-l)l^l[(P n 0 2J D“ 1 0i 11 )- - (0 2 P~ 1 0S 1] Pn)- - Po(Pn0 2 )P" 1 0! 11 + 0 2 P" 1 P O (Prf)] 
= 0 . 

In the above proof the P 0 (A) means the coefficient over the term D° of the 
operator A. □ 


5. The supersymmetric two-component BKP hierarchy 


Let us firstly define the supersymmetric two-component BKP hierarchy by 
two Lax operators. Now we introduce the even and odd time variables (£ 2 , £3, t e , •; £ 2 , £3, t e , •) 
and the following definition of even and odd flows 


Du -2 


d 


Otu-2 ’ 


Du -1 


d ^ d 

• + “ (j ' _1 9ili+4j-2 ’ 


(5.1) 


Du-2 ~ 


d 


dtu -2 


Du -1 — 


a 


at 4 *-i 


1=1 


a 


j-i 


dt. 


(5.2) 


4i+4j-2 


This two families of odd and even flows satisfy a nonabclian Lie superalgebra 
whose commutation relations are 

[Du-2, D^j- 2 ] = 0 , [Du- 2 , D^j-i] = 0 , [Du-ijD^j-i] = —2Du+Aj-2 , 


[Du-2, D] — 0 , [Du~i,D] — 0, 


(5.3) 
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[D^i-2, D.ij- 2 ] — 0 , [Da-2, — 0 , [Z?4i-1) D4j-i] — — 2 J D4i_|_4j_2 , 

[D 41 - 2 , D] — 0 , [I>4i— 1 , D] = 0, [D m , D n \ = 0. (5-4) 

The two Lax operators of the supersymmetric two-component BKP hierarchy 
will be defined in forms as 

L = D + UiD l ~ l , L = D~ 1 uq + UiD l ~ l , \ui\ = i, \ui\ = i + 1 , 

i>l i >1 

(5.5) 

such that 

L* = -DLD~\ L* = -DLD- 1 . (5.6) 

We call eqs. fl5.6p the B type condition of the supersymmetric two-component 
BKP hierarchy. The supersymmetric two-component BKP hierarchy is defined 
by the following Lax equations: 

DiL = -[{L%,L], DiL = [{&)+, L], (5.7) 

D i L = [(L i )+,L], DiL = —[(#)_,£], i = 4k - 1, 4k - 2, A; G Z+, 

(5.8) 

which is equivalent to the following equations 

D ik . 2 L = [(L 4fc_2 ) + , L\, D 4k _ 2 L = — [(L 4fc_2 )_, L], (5.9) 

D 4k -iL = [(L 4fe - 1 )+, L\ - 2L 4fc , D Ak -iL = —[(L 4fc_1 )_, L] + 2L 4fc , 

(5.10) 

D Ak - 2 L = [(L 4fc_2 ) + , L], L> 4fc -2^ = —[(L 4fc-2 )_, L], (5.11) 

Afc-iL = [(L 4fe_1 ) + , L], E>4 k -iL = —[(Z/ 4fc_1 )_, L\, (5.12) 

with k G Z + . 

One can write the operators L and L in a dressing form as 

L = $D$-\ L = $D- 1 $- 1 , (5.13) 

where 

$ = 1 + $ = 1 + biDi > ( 5 - 14 ) 

i>l j>l 

satisfy 

$* = D$- 1 D-\ $* = D$- 1 D~ 1 . (5.15) 

Given L and L, the dressing operators $ and $ are determined uniquely up to a 
multiplication to the right by operators with constant coefficients. The dressing 
operators $ and <E> take values in two separated B type Volterra groups. The 
supersymmetric two-component BKP hierarchy can also be redefined as 


Di k -2& — 

— (L 4fc_2 )_<3>, 

-D4fc-2^ - 

= (L 4 *" 2 )**, 

(5.16) 

Dik-2® = 

_(L 4fc - 2 )_$, 

-C , 4fc-24 ) = 

(L 4fc_2 ) + I>, 

(5.17) 

Di ifc-i'h = 

— (L 4fc_1 )_<h, 

At*-!* = 

(L 4fc_1 ) + I>, 

(5.18) 

D± k - 1 $ = 
with k G Z + . 

-(L 4fc - 4 )_< h, 

A*-i* = 

(L 4fc - 1 )+$ l 

(5.19) 
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Denote t = {t 2 , t 3 , t 6 , t 7 ,...), t = (t 2 , t 3 , t 6 , t 7 ,...) and introduce two wave 
functions 

w(z) = w(t,t;z) = w(z) = w(t,t ; z) = ^ e xz+ ^'~ z (5.20) 

where the functions f, £ are defined as f(t; z) = J2kez+ ^k- 2 Z 4k ~ 2 +t 4 k-iz 4k ^ 1 , £(£ 
Sfcez+ Uk- 2 Z Ak ~ 2 + Uk-iz 4k ~ 4 . It is easy to see ITe 12 = z l e xz , z G Z and 

Lw(z ) = zw(z), Lw(z ) = z _1 D(;r). (5-21) 

With the above preparation, it is time to construct additional symmetries for 
the supersymmetric two-component BKP hierarchy in the next section. 


6. Additional symmetries of the supersymmetric two-component 

BKP HIERARCHY 


In this section, we are to construct additional symmetries for the supersym¬ 
metric two-component BKP hierarchy by using the Orlov-Schulman operators 
whose coefficients depend explicitly on the time variables of the hierarchy. 

With the same dressing operators given in the eq. (l5.14lh Orlov-Schulman 
operators Mi, Mi, Q, Q are constructed in the following dressing structure 

M i = $T i $- 1 , Mi = 4>fj4> -1 , i = 0,1; Q = $g<f>- 1 ,Q = 4>Q$“ 1 , 

where 

r o = x + i ^(4fc - 2)Uk- 2 D Ak ~ 4 + ^(4 k- l)t4k-iD 4k - 3 

Z k> 1 

~ t ^k-\d 2k ~ 2 Q + ^2 (® - :i)Ui-\U 2 -\d 2l+2:i ^ 2 , (6.1) 

k> 1 ij> 1 

f o = x + i £)(4fc - 2 % k - 2 D~ 4k + ^(4A: - l)^-^" 1 - 4 * 

fc>i 

*4fc-i9- 1_2fc g + (i - j)iii-\Uj-id~ 2l ~ 2j , (6.2) 

k> 1 ij>l 


r i = ^+ J> 4fe -id 2fe -\ (6.3) 

fcez + 

r 1 = 0 +Z)^ fc - 1 a “ 2fc , (6-4) 

fcez+ 

where Q = do — 6d. 

Then one can derive the following lemma similarly as the case of the single¬ 
component supersymmetric BKP hierarchy. 


Lemma 6.1. The operators T, and T* satisfy 

p 4 i -2 - D 4i ~ 2 , r ?: ] = [D 4i _! - D 4i ~ 4 , rj = 0, (6.5) 

[Au-2 + D~ 4i+2 , fi] = [D,i_ 1 + ZT 4i+1 , f 4 ] = 0; (6.6) 

[-D 4 i-2) fj] = [D4j_ 1; fj] = [D 4 j_2, Tj] = [D 4 j_i,Pj] = 0; (6-7) 

where i = 0,1. 
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Proof. For the proof, we do the following calculation 


[Du-2 + A" 4 \ f 0 ] = -(4fc - 2)ZT 4fc + (1 - 2 i)d~ 2i = 0, (6.8) 


[Du-i + -D 1_4 \ f 

OO 


<9 A,, d 

/ , A-1" 


D l ~ A \Y Q 


dt Ai _i ft. 


j—l ” *'4i+4j—2 

—1—4fc 


= i(4i - aa- 1 -" - ia _1 “ 2i Q + 2 £(i - j)t al -id- 2i ~ 2 ’ 

j 6Z 


(6.9) 

( 6 . 10 ) 

( 6 . 11 ) 

—1—4fcl 


- ^(2z + 2j - l)^.^- 4 ^ + [A -4 *, x + - ^ (4fc - l)^!^” 1 

j=l /cEZ+ 

Because 

[A _4i , x] = [d~ 2i D , x] = -2 iD- 4 *- 1 + d~ 2i - l ed = -^(4 i - l)D” 4 - 4i + ^d" 1 " 2 ^, 


[A~ 4 \ - ]T (4/c - Vhk-iD- 1 -^] = 4j - l)^-!^" 4 ^', (6.12) 


fcGZ+ 


JGZ 


then 


[£)«-!+ £> 4i “ 1 ,r 0 ] =o 


For f 1 !, we get 


d 


[B 4i -i + B 1 - 4i ,f 1 ] = [-j-£ 

dtu-i “ 


A-i‘ 


d 


(6.13) 


i-2fcl 


dtu+Aj-2 

= a~ 2i - A 4 * = 0. 

Further one can derive 

[Ac, Fj] = [A, fi] = 0. 

For Q, we can get 


+ D 1 4l , 6* + t/Lk-id 
k£ z+ 

(6.14) 

(6.15) 


[A, Q] — [A, <2] — 0, 


(6.16) 


[Q, r 0 ] = [Q,x] - [Q, - J2 A-i d~ l ~ 2k Q] 


fcez + 

3-2 k 


-e- £ A-rA- = -A 
fcez + 


(6.17) 

(6.18) 

□ 


Then it is easy to get the following lemma using the above lemma and dressing 
structures. 
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Lemma 6.2. The operators Mj,Q, L,Mj,Q, L satisfy 

[Q, M 0 ] = -Mj, [Q, Mf = 1, [L\ M 0 ] = 1, (6.19) 

DkMj = [(L fc )+, Mj], -D^Q = [(-^ fc )+;Q]) A: = 4z — 2,4z — 1, * G Z + , 

( 6 . 20 ) 

AfeMj = [—(L k )_, Mj\, D k Q=[-(L k )_,Q], k — 4z-2,4z-l, z G Z + , 

( 6 . 21 ) 

[Q, Mo] = -M ls [Q, Mj] = 1, [L~ 2 , M 0 ] = 1, (6.22) 

D k Mj = [(L fc ) + , Mj], HfcQ = [(L fc ) + , Q], k = 4z — 2,4z — 1, i 6 Z + , 

(6.23) 

= [-(#)-, M,-], £*Q =[-(£*)_, Q], A: = 4z—2,4z—1, z e Z+. 

(6.24) 

From now on, we will introduce the following two operators B mk i p and B m ki P i 
given any pair of integers (m, k, l,p ) with m,k > 0,l,p — 0,1, as 

B mkip = M k M[<^L 2m - (—l) pZ+m+p+i L 2m ” 1 (Q p )M(Mg L, (6.25) 

B mklp = MoMfO^L -2 ” 1 - (—l) pi+m+p+z L“ 2m+1 (Q p )M(Mg L _1 . (6.26) 

As a corollary, the following proposition can be got. 

Proposition 6.3. For any B mkip = B mkip , B mklp , one has 

D n B mk i p [(Z/ ) 4- , B mk ip\ , D n B mk i p [ (L )_, B mk i p ] , zz 4z 2,4z 1, z G 7L+. 

(6.27) 

To prove that B mk i p and B mk i P satisfy the B type condition, we need the 
following lemma. 


Lemma 6.4. Operators M^and Mj satisfy the following conjugate identities, 


M* = (-1 ) i DL~ 1 M i LD~ 1 , 

M* = (—l)®DLMjL _1 D _1 , 

(6.28) 

Q* = -DL^QLD- 1 , 

Q* = -DLQL-'D- 1 . 

(6.29) 

Proof 



Using 




= DQ-'D- 1 , 

(6.30) 

the following calculations 




M* = $* _1 r*$* = (-l) i D$D- 1 r i D$- 1 D- 1 = (-i) i D$D- 1 Q- 1 M i $D$- 1 D- 1 , 
M* = = (-iyD$D~ 1 t i D$- 1 D- 1 = (-l) i D$D- 1 $- 1 M i $D$- 1 D- 1 , 


SUPERSYMMETRIC BKP SYSTEMS AND THEIR SYMMETRIES 


15 


will lead to this lemma. □ 

It is easy to check the following proposition holds basing on the Lemma 16.41 
above. 


Proposition 6.5. Operators B mk i p and B mk i p satisfy the B type condition, 
namely 


B mki P ~ -DB mk i p D 


-l 


B m klp — DBmkipD 


-1 


(6.31) 


Proof Using the Proposition 16.41 the following calculation will lead to the first 
identity of this proposition 


R* 

mklp 


2m— 1* 


(Mq M[<Q P L 2m - (-1 Y l+m+p+l L 2m - l (fM[M^Ly 
= (-1 )P l L 2m *(Q p )*M[*M^ + (-1 ) m+p+l L*M^M[*(Q p )*L 

= (— 1 ) P l+m +P+ l DL 2m - l< QjPM[M q LD^ 1 - DMjfMlQPL^D- 1 

= -D(M*M[Q p L 2m - (—l) pl+m+p+l L 2 ™^ 1 ^M[Mq L)D -1 . 


The second identity can be proved in a similar way. □ 

Now we can define the following additional equations as 

Dmklp^t — (B m klp) — ^, Dmklp^t — (Bmkip)- -(-4?, (6.32) 

DmkipQ = — (B m kip)-&, D mklp f> = (B mk i p ) + $. (6.33) 

These equations are equivalent to the following Lax equations 

D m kipL [ (B m kip) —, L], D m kipL [{B m kip} + , L\ i (6.34) 

D m klpL [ (B m klp) —, D \, DmkipL [(B m klp) + , B \. (6.35) 


Similarly, we will get the following proposition. 


Proposition 6.6. The flows (16.34(1 and (16.351) commute with the flows of 
the supersymmetric two-component BKP hierarchy. Namely, for any D mn ip = 
Dmnipi Dmnip and D k D k , D k one has 

[Dmnip, D k ] =0, m,n e Z + ; l,p = 0,1; k = 4i - 2, 4i - 1, i 6 Z+, 

(6.36) 

which holds in the sense of acting on $ or $. 


Proof The proposition can be checked case by case with the help of eq. (16.271) 
and eqs. (16.341) - (16. 351) . For example, 


D m nlp, D k 


$ 


= D mn lpD k $ ~ (-l) {l+P)k D k Dmnlp$ 

= (-l ) {l+P)k [(L k )_, (. B m nlp )-]$ - [(Bmnlp) + ,L k ]-® ~ (-1 f +p)k [(L k ) _, B m nlp\-$ 


D 


mnlp, D k 
\(l+p)k 


$ 


= (-l r +P)k [(L k ) + 1 (Bmnlp)+}$ + [-(Bmnlp)-, £*] + $ ~ (-l)^ fc [(L fc ) + , B m nlp} + 

The other cases can be proved in similar ways. This is the end of this proposi¬ 
tion. □ 
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Similarly as the SBKP hierarchy, the algebraic structure of the additional 
symmetry of the S2BKP hierarchy will be talked about in the next proposition. 

Proposition 6.7. The algebra of additional symmetries of the two-component 
SBKP hierarchy is isomorphic to the Lie algebra of super quasi-differential op¬ 
erators, which is isomorphic (as a Lie algebra) to SWi +00 0 SW\ +00 . 

Proof. The isomorphism is given by 

z ^d, £ 

d z t— > r 0) 

z ^ d, £ 

dz ^ fo, 

which further lead to 


Z HA- L 2 , 

£ i— y Q + MiL 2 , 

(6.41) 

d z i-A- M 0 , 

d{ eA Mi, 

(6.42) 

Z HA- L” 2 , 

£ ha Q + M\L 2 , 

(6.43) 

d z i-A- Mq, 

ha Mi. 

(6.44) 


One can find the above construction keeps £ commuting with z and £ commuting 
with z. □ 

If we do a (4n,2)-reduction from the supersymmetric two-component BKP hi¬ 
erarchy, a reduced hierarchy called the supersymmetric D type Drinfeld-Sokolov 
hierarchies with a supersymmetric Block type additional symmetry which will 
be discussed in the next section. 

7. Supersymmetric D type Drinfeld-Sokolov hierarchy 

Assume a new Lax operator £ which has the following relation with two Lax 
operators of the supersymmetric two-component BKP hierarchy introduced in 
the last section 

£ = L 4n = L 2 , n > 2. (7.1) 

Then the Lax operators of the supersymmetric two-component BKP hierarchy 
will be reduced to the following Lax operator of the supersymmetric D type 
Drinfeld-Sokolov hierarchy whose Bosonic case can be seen in [2H, 23 EB] 

n 

£ = D 4n + D~ l (viD 4 *- 1 + D 4i -\) + D~ 4 pD~ 4 p\ \ Vi \ = 0, \p\ = 1. 

i =1 

(7.2) 

One can easily find the Lax operator £ of the supersymmetric D type Drinfeld- 
Sokolov hierarchy will satisfy the following B type condition 

£* = DCD~ l . (7.3) 

This Lax operator £ of the supersymmetric D type Drinfeld-Sokolov hierarchy 
has the following dressing structure[25] 

£ = (&D 4n <&~ 1 = I’D -2 !)" 1 . 


ha Q + r id, 

(6.37) 

HA Tl, 

(6.38) 

ha Q + f i d, 

(6.39) 

HA f 1, 

(6.40) 


(7.4) 
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Here 

$ = 1 + ^ a z D~\ $ = 1 + ^2 (7.5) 

i> 1 i> 1 

are pseudo supersymmetric differential operators that also satisfy the following 
B type condition 

$* = D$- 1 D-\ $* = D$- 1 D~ 1 . (7.6) 

The dressing structures inspire us to define two fractional operators as 

= D + J2 u i D ~\ & = D^u -1 + J2 ^ Di - (7.7) 

i>l i>l 

Two fractional operators C 3T and can be rewritten in a dressing form as 

c-h = ch = <kd- 1 4>- 1 . (7.8) 

The supersymmetric D type Drinfeld-Sokolov hierarchy being considered in 
this paper is defined by the following Lax equations: 

£>*£ = [(£&)+,£], D k C= [-(£3)_,£], A; = 4i — 2,4i — 1, z e Z + . 

(7.9) 

The dressing operators $ and <f> are same as the ones of the supersymmetric 
two-component BKP hierarchy. Given £, the dressing operators <f> and <f> are 
uniquely determined up to a multiplication to the right by operators of the form 
(17.5(1 and (17.6(1 with constant coefficients. The supersymmetric D type Drinfeld- 
Sokolov hierarchies can also be redefined as the following Sato equations 

= -(£&)_$, D k § = (£&)+$, (7.10) 

D k $ = -(£*)-$, D k $ = (£%)+$, (7.11) 

with k — 47 — 2, 4i — 1, i E Z + . 

After the above preparation, we will show that this supersymmetric D type 
Drinfeld-Sokolov hierarchy has a nice Block symmetry as its appearance in the 
Bigraded Toda hierarchy m- 

8. Supersymmetric Block symmetries of supersymmetric D type 

Drinfeld-Sokolov hierarchies 

In this section, we will put the constrained condition eq. (17.11) into the con¬ 
struction of the flows of the additional symmetry which form a N = 2 super- 
symmetric extension of the well-known Block algebra [36]. 

With the dressing operators given in eq. (l7.8p . we introduce two new Orlov- 
Schulman operators as following 

Mi = M t L 2 ~ An , Mi = MiL~\ (8.1) 

It is easy to see the following lemma holds. 

Lemma 8.1. The operators Mj and Mj satisfy 

[£, Mf\ — 1, [C,Mo\ = 1; [Q, A4 0 ] = -M\] (8.2) 


D k Mj = [(£ 4 ”)+, Mf\, D k Q= [(£ 4 n) + ,Q], 


k = 47—2, 4z—1, i E 7L+, 


and 
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(8.3) 


D k Mj = [-(£*)-, Mj], =[-(£*)_,Q], k = 41-2,41-1, 1 € Z 

(8.4) 


D k Mj = [(£*")+, A4„], D k Q = [(£<*)+,Q], k — 41—2,41—1, 1 G Z+, 

(8.5) 

D/oAtj = (-(£5)_ J X4 j ] I AQ = |-(£^)-,Q], fc = 41-2,4i-l, i E Z 

( 8 . 6 ) 

which can be simplified to 

DkMj = [{£&)+, Mj\, D k M , = [-(£*)_,/^], (8.7) 

where Mj = Mj or Mj, k = 4i — 2,4i — 1, i£Z + . 

To make the operators used in the additional symmetry satisfying the B type 
condition, we need to prove the following B type property of Mi — Mi which 
is included in the following lemma. 

Lemma 8.2. The difference of two Orlov-Schulman operators Mo and Mo for 
the supersymmetric D type Drinfeld-Sokolov hierarchy has the following D type 
property: 

C*{Mo-Mo)* = -DC(Mo- Mo)D~ l . ( 8 . 8 ) 

Proof It is easy to find the two Orlov-Schulman operators Mq and Mo of the 
supersymmetric D type Drinfeld-Sokolov hierarchy can be expressed by Orlov- 
Schulman operators M 0 , M 0 and Lax operators L , L of the supersymmetric two- 
component BKP hierarchy as 


Mo = M 0 L 2 ~ 4n , M 0 = —M 0 L~ 4 . (8.9) 

Using Lemma 16.4[ putting eq. 08.91) into (Mo — Mo)* can lead to 

(Mo - Mo)* = -Dlf-^MoLD - 1 + DL ~ 3 MoL~ l D ~ 4 ( 8 . 10 ) 

= -D(L l - 4n M Q - L~ 4n )D~ 1 + D(L~ 4 Mo + L~ 2 )D~\ (8.11) 

which can further lead to 

C*(M 0 - Mo)* = -D(CMo - CMo)D~ l . ( 8 . 12 ) 

In the above calculation, the commutativity between C and Mo — Mo is 
already used. Till now, the proof is finished. □ 

One can also get 

M\ = -DL-'M,LD-\ M\ = -DLM,L- l D-\ 


(8.13) 
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For the supersymmetric D-type Drinfeld-Sokolov hierarchy, we define the 
additional operator B l f^fl as 

f = (Mo - Mo^iMlQPMlQP - (-l) n + ^ +fc L _ 1 Q p M{LLQ p M{L _1 )£ m , 

(8.14) 

where Z,p, Z,p = 0,1; n = Tla,b=i,pU ab ’ E = E a =i, P U 
One can get the following proposition. 

Proposition 8.3. The operator B l fl]f satisfies a B type condition, namely 

(b'2y = -d&2d-\ l,p,i,P = 0,1. (8.15) 


Proof Using the Proposition 16.41 the following calculation will lead to 

(B 1 ^)* = ((M 0 - .M 0 ) fc (M(Q p M{<F - (-l) n + E+fc L- 1 Q p M{LLQ p M{L- 1 )£ m )* 

= £ m *[(-l) n (QP)*MtQ p *Ml* + (-l)^ +k L~ 1 *Ml*Q p *L*L*M‘*QP*L- u ](M 0 - M 0 ) k * 
= DC m [(-l)^ + ^ +k L~ 1 Q p M[LLQ p M l 1 L~ 1 - (M{Q p M{Q^)](A4 0 - Mo) k D~ l 
= -D(M 0 - A4 0 ) fc (M{Q p M{QP - (—l)n+S+ fe l / - 1 QJ , M|l / LQ p M{L _1 )£ m D _1 . 


□ 


That means it is reasonable to define the additional flow of the supersym¬ 
metric D type Drinfeld-Sokolov hierarchy as 


dC 


■w 


•lplp\ r 1 
mk >~ i J ~'\ > 


l,p , l, p = 0,1; m, k G Z_| 


(8.16) 


Whether these additional flows are symmetries of the supersymmetric D type 
Drinfeld-Sokolov hierarchy will be answered in the next proposition. 


Proposition 8.4. The flows in eg. ([87T6j) can commute with original flows of 
the supersymmetric Drinfeld-Sokolov hierarchy of type D, namely, 


1 

CD 


a ~ ’ 

-—, D n 

o Iplp 
- C mk 

= o, 

.^ C mfc 


where l,p, l,p = 0,1; m, k e Z + , n = Ai — 2,4z — 1, i 6 Z + , which hold in the 
sense of acting on <f> or £. 


Proof According to the definition, 



d i p ip(D n &) D n (d 


and using the actions of the additional flows and the flows of the D type 
Drinfeld-Sokolov hierarchy on <!>. we have 



-9 « (T=)-*) + D n ((Bj*).*) 

-(8,„-,£i)_ 1. - (£±)-(9 «*) 

rn/c Snfc 

+[a,(/®]-* + (eB—(A,*). 


Using eq. fl7.9ll and eq. (l8.7|l . it equals 


[d Mi> , £> n ]T = 

ik 


aipip 
^mk 


,£^]_$ + (£3e)_ 


aipip 

u mk 


<f> 













20 


CHUANZHONG Llf, JINGSONG HE} 


+ [(£=) + .e , "f]-<*-(8 «)_(£=)-<i 

+[(£*)_, (S5)-]* 

= 0. 


The other cases of this proposition can be proved in similar ways. □ 

The above proposition indicates that eq. (l8.16p is a symmetry of the super- 
symmetric D type Drinfcld-Sokolov hierarchy. Further we can prove that the 
following identities hold true 


dMj 

<1 




dMi 

Sot 


[(B») + ,7K ( ] 


(8.17) 


dw(z 4™) 

Set 



dw(z 2 ) 

Soft 



(8.18) 


Using same techniques used in |23, the following theorem can be derived. 


Theorem 8.5. The flows in eq UIS.lbp about additional symmetries of super- 
symmetric D type Drinfeld-Sokolov hierarchy compose a supersymmetric type 
Block Lie algebra which contains the following Block Lie algebra while l — p — 

i — p — o 


[<9 c oooo,<9 c oooo] = (km — sl)d c oooo i ^ m, s,fc, /eZ+, (8.19) 


which holds in the sense of acting on <f>, $ or C. 


Proof The similar proof for eq. fl8.19p can be found in our paper □ 

This is one kind of supersymmetric extensions of the Block algebra because 
it is involved with the supersymmetric variables and supersymmetric derivative 
D. However, its algebra structure is still not clear now, which deserves further 
study in the future. 


9. Conclusions and Discussions 

Our earlier papers show that the Block type algebras appear not only in 
Toda type difference systems but also in differential systems such as two-BKP 
hierarchy, D type Drinfeld-Sokolov hierarchy [26]. The above results show that 
in their corresponding supersymmetric systems, there also exists the hidden 
N = 2 Block type supersymmetric algebraic structures. These results further 
show that the Block type infinite dimensional Lie algebra has a certain of uni¬ 
versality in integrable hierarchies. 

Although the supersymmetric two-component BKP hierarchy and supersym¬ 
metric Drinfeld-Sokolov hierarchy of type D might be not available in the 
fermionic string theory now comparing with the application of the classical 
KP hierarchy to the bosonic string, they have a great advantage of showing 
their superconformal structures. In this paper, we also show the structure of a 
super Block algebra of the supersymmetric two-BKP hierarchy and its reduced 
hierarchy. The superconformal algebra may appear in the related Hamiltonian 
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structures by considering the reductions of super-BKP hierarchies like reduc¬ 
tions of the super-KP system to super-KdV system. This may be an interesting 
subject for our future study which may relate the supersymmetric BKP sys¬ 
tems in this paper to problems in physics. There are also some other interesting 
subjects such as the relation of the hierarchies introduced in this paper with 
the quantum spin chains as in en These directions might be included in our 
future study. 
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